High-precision laser spectroscopy of ultracold hydrogen molecular ions has the potential of improving the precision of the electron-to-proton mass ratio. An accurate knowledge of the spin structure of the transition is required in order to permit precise comparison with experimental transition frequencies. We calculate with a relative accuracy of the order of O 2 the hyperfine splitting of the rovibrational states of HD with orbital momentum L 4 and vibrational quantum numbers up to v 17, using the Breit-Pauli spin interaction Hamiltonian. These are the first complete ab initio calculations at this order of accuracy. A discrepancy between experiment and previous theory is resolved. DOI: 10.1103/PhysRevLett.97.243001 PACS numbers: 33.15.Pw, 31.15.Ar, 31.15.Pf It has been recognized that high-precision spectroscopy of rovibrational transitions in molecules opens up interesting possibilities for the metrology of the fundamental constants (electron-to-nucleus mass ratios) and for tests of few-body bound state QED [1, 2] . Assuming the validity of QED, and using high-precision calculations for oneelectron molecules, the masses of the particles constituting the molecules may be determined [3], possibly with higher accuracy than using present methods [4] .
It has been recognized that high-precision spectroscopy of rovibrational transitions in molecules opens up interesting possibilities for the metrology of the fundamental constants (electron-to-nucleus mass ratios) and for tests of few-body bound state QED [1, 2] . Assuming the validity of QED, and using high-precision calculations for oneelectron molecules, the masses of the particles constituting the molecules may be determined [3] , possibly with higher accuracy than using present methods [4] .
The possibility of a time variation of the electron-tonuclear mass ratio, m e =m p , revealed by astronomical molecular spectra is presently under discussion [5] . A measurement of vibrational transition frequencies over time could lead to significantly improved laboratory tests of the time independence of m e =m p [3] .
The molecular hydrogen ion isotopomers (H 2 , HD , etc.) are stable one-electron molecules of fundamental interest. Since the birth of quantum theory their spectrum has been the subject of calculations of steadily increasing precision, including relativistic, QED, and nuclear effects [6] .
On the experimental side, laser spectroscopy of a large variety of molecules and with a significant increase of resolution is currently underway, thanks to the development of methods of molecular cooling. In particular, molecular ions can be sympathetically cooled by atomic ions to temperatures of 10 mK [7, 8] . High-resolution spectroscopy of cold HD at a level of 2 parts in 10 7 has recently been demonstrated [9] and is being further developed towards higher precision. Because of the long lifetimes ( 10 ms) of vibrational excitations of molecules in the ground electronic state it is expected that the spectroscopic resolution of rovibrational transitions (of typical frequencies 100 THz) can be pushed to the relative level of 10 ÿ15 in ultracold molecules by eliminating the 1st order Doppler effect, via one-photon spectroscopy in the LambDicke regime or via two-photon spectroscopy [10] . There is thus an important need to improve the accuracy of the theoretical spectrum by several orders of magnitude.
For the range of states with L 4 and v 4 the precision of 10 Hz has been achieved in the nonrelativistic calculations [3] . For these states the leading relativistic [11] and radiative [12] corrections have been obtained recently with a numerical uncertainty below 1 kHz. The yet unevaluated QED corrections of order m 6 would contribute to the transition energy at the level of about 50 kHz.
The next important contribution is the hyperfine energy. The calculations performed so far used adiabatic [13] and two-state adiabatic [14, 15] approximations and included the electron-nuclear spin-spin and the electron-spinrotation interactions. The theoretical predictions were in agreement with the laser spectroscopic studies on HD ion beams performed by Wing et al. [16] and Carrington et al. [17] within the experimental accuracy. However, a comparison with precise radio frequency measurements [15] disclosed a slight disagreement with the approximate theory.
In the present consideration of HD a complete set of spin-dependent terms of the Breit-Pauli Hamiltonian is used; i.e., we include for the first time the nuclear spinorbit couplings and the deuteron electric quadrupole moment. Furthermore, we use the essentially exact nonrelativistic variational wave functions. The uncertainty of the results is determined by the magnitude of the contribution of the interactions that are not included in the spin Hamiltonian and, from the known results for the H atom, are estimated to about 50 kHz.
In the nonrelativistic approximation, the rovibrational excited states are labeled with the quantum numbers of the total orbital momentum L and vibrational quantum number v. The variational bound state wave functions were calculated by solving the three-body Schrödinger equation with Coulomb interaction using the variational approach based on the exponential expansion with randomly chosen exponents [18] . The high precision of the solutions allows to say that the numerical uncertainty in the mean values of the Breit-Pauli Hamiltonian may be neglected compared to the uncalculated contributions of higher order in .
The following notation is used throughout this Letter. P d , P p , and p e are the momenta and R d , R p , r e are the coordinates of deuteron, proton, and electron with respect to the center of mass of a molecule, and
and s e are the spins of nuclei and electron, and e ÿ1 e is the magnetic moment of an electron in Bohr magnetons, while p;d are the magnetic moments of proton and deuteron in nuclear magnetons. We use the CODATA02 recommended values of the fundamental constants [19] . The deuteron quadrupole moment, Q d , that is the most accurate to date is taken from [20, 21] .
The spin interaction Hamiltonian is the sum of pairwise interactions: V V ep V ed V pd . The electron-proton and electron-deuteron interactions are expressed (in units e @ 1) by: 
It is worthy to note here that the third term in the electron-deuteron interaction should be derived from the relativistic charge-current density; however, it has an analog in the classical electrodynamics and can be obtained for an arbitrary nonzero nuclear spin with account of the Thomas precession [22] .
The proton-deuteron interaction is
Nuclear spin-spin contact interaction is negligibly small and will be omitted from the consideration.
Averaging (1) and (2) over the spatial degrees of freedom one arrives to the effective spin Hamiltonian,
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where the coefficients are related to the ones in (3) as follows (for L Þ 0): [13] this work [13] this work [13] Table I contains a comparison of coefficients of the effective spin Hamiltonian (4) obtained in [13] with our computed values. For small v we have a complete coincidence in values for , the spin-orbit term. However, the spin-spin coefficient, b 1 , differs already in the third significant digit. In our calculations the estimated relative accuracy of the expectation value hr d;p i is about 10 ÿ7 . The discrepancy can be attributed to the adiabatic approximation of [13, 17] . The most advanced calculation of Carrington et al. [15] involved the two-state approximation. Since second-order effects were not included, discrepancies in b 1 and were observed by them for high vibrational states using rf spectroscopy. As seen from Table I , our calculations represent a significant improvement. The measured frequencies of individual transitions [15] agree with our calculation to within the experimental accuracy of 0:3 MHz. The importance of nonadiabatic effects for the spin-spin coupling has been shown for the case of H 2 by Babb and Dalgarno [23] . The numerical results of our calculation of the coefficients of the effective spin Hamiltonian are presented in Table II . The strongest coupling is due to the spin-spin electron-proton interaction. The spin-spin interaction between electron and deuteron is a factor of 5 smaller. These 
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week ending 15 DECEMBER 2006 two interactions determine the principal splitting of the rovibrational levels of HD as is seen from Table III . With this consideration in mind, the preferable coupling scheme of angular momentum operators is
The schematic diagram of the hyperfine states is shown in Fig. 1 . The separation of the states with F 0 and F 1 is typically 700-1000 MHz; the separation in S is of the order of 200 MHz [that justifies the choice of the coupling scheme of (5)]. It is worthy to note that with increase of L the electron-spin-orbit coupling becomes more and more important. That leads to breaking of the LS coupling scheme for high L.
The hyperfine splitting of the lower rovibrational levels of HD is presented in Table III . The results were obtained by diagonalization of the effective spin Hamiltonian. The deuteron quadrupole moment interaction contributes at the level of only 10 kHz; therefore, an improved determination of the deuteron quadrupole moment by optical spectroscopy will be difficult.
In conclusion, we present the first ab initio calculation of the hyperfine structure in the rovibrational states of the HD molecular ion, which is essentially exact within the assumptions of the Breit-Pauli interaction. We expect the comparison between the obtained theoretical results with data from oncoming experiments [9] for the lower rovibrational transition frequencies to be possible at a level of 50 kHz, i.e., a relative level of 5 10 ÿ10 . Such a comparison would allow a test of the current value of the electron-to-proton mass ratio at the level of 1 ppb. For a measurement of this mass ratio at the sub-ppb level, the calculations will require consideration of the Om 6 order relativistic and radiative corrections as well as the finite size effects like the Zemach electromagnetic radii [24] of proton and deuteron or deuteron polarizability. In case of the atomic hydrogen hyperfine structure, these three effects are of about the same significance [25] . This program is in progress now, including evaluation of systematic line shifts under experimentally relevant conditions; we expect to reduce the theoretical uncertainty below 10 kHz.
